Curvature invariant characterization of event horizons of
  four-dimensional black holes conformal to stationary black holes by McNutt, David D.
ar
X
iv
:1
70
6.
00
99
5v
5 
 [g
r-q
c] 
 17
 N
ov
 20
17
Curvature invariant characterization of event horizons
of four-dimensional black holes conformal to stationary black holes
David D. McNutt∗
Faculty of Science and Technology,
University of Stavanger, N-4036 Stavanger, Norway
(Dated: September 20, 2018)
We introduce three approaches to generate curvature invariants that transform covariantly under
a conformal transformation of a four dimensional spacetime. For any black hole conformally related
to a stationary black hole, we show how a set of conformally covariant invariants can be combined to
produce a conformally covariant invariant that detects the event horizon of the conformally related
black hole. As an application we consider the rotating dynamical black holes conformally related
to the Kerr-NUT-(Anti)-de Sitter spacetimes and construct an invariant that detects the conformal
Killing horizon along with a second invariant that detects the conformal stationary limit surface.
In addition, we present necessary conditions for a dynamical black hole to be conformally related
to a stationary black hole and apply these conditions to the ingoing Kerr-Vaidya and Vaidya black
hole solutions to determine if they are conformally related to stationary black holes for particular
choices of the mass function. While two of the three approaches cannot be generalized to higher
dimensions, we discuss the existence of a conformally covariant invariant that will detect the event
horizon for any higher dimensional black hole conformally related to a stationary black hole which
admits at least two conformally covariant invariants, including all vacuum spacetimes.
It is possible to generate solutions of the Einstein equa-
tion by applying a conformal transformation to a known
solution and solving the resulting differential equations
for a particular conformal factor (see references in [1, 10]).
In particular, dynamical black hole solutions have been
produced using a conformal transformation from a sta-
tionary black hole solution. An example of such a solu-
tion is the Sultana-Dyer metric:
ds2 = t4
[
−
(
1− 2m
r
)
dt2 +
4m
r
dtdr (1)
+
(
1− 2m
r
)
dr2 + r2(dθ2 + sin2 θdφ2)
]
,
which is conformally related to the Schwarzschild solu-
tion and models an expanding black hole in the asymp-
totic background of the Einstein-de Sitter universe with
a two-fluid matter source consisting of a null fluid and
pure dust [2]. The event horizon of the Sultana-Dyer
metric will be the image of the Killing horizon of the
Schwarzschild black hole under a conformal transforma-
tion, and hence is a conformal Killing horizon.
The Sultana-Dyer metric belongs to the non-rotating
(a=0) subclass of the Thakurta metrics [3], which are
generated from a conformal transformation of the Kerr
solution with a conformal factor dependent on the Boyer-
∗ david.d.mcnutt@uis.no
Lindquist time coordinate:
ds2 = α2(t)
[
−
(
1− 2Mr
Σ
)
dt2 +
Σ
∆
dr2 +Σdθ2 (2)
+
[
(r2 + a2) +
2Mra2 sin2 θ
Σ
]
sin2 θdφ2.
−4Mra sin
2 θ
Σ
dφdt
]
,
Σ = r2 + a2 cos2 θ, ∆ = r2 + a2 − 2Mr.
Motivated by the Thakurta solution we will employ
spacetimes conformally related to the Kerr-NUT-(Anti)-
de Sitter solution [4–6] as an illustrative example. We
emphasize that the proposed conformally covariant hori-
zon detecting invariants presented in this paper will ap-
ply to any four dimensional (4D) black hole conformally
related to a stationary black hole.
In general, locating the event horizon of a black hole
is difficult, as the horizon depends upon the future evo-
lution of the spacetime. However, for particular classes
of black hole spacetimes the event horizon can be iden-
tified locally. For example, if the spacetime is stationary
then knowledge of the hypersurface metric and extrin-
sic curvature at any moment in time will be sufficient to
determine the entire spacetime and locate the horizon.
For a stationary spacetime, if we know the Killing vec-
tor field which acts as the null generator on the event
horizon then the horizon can be located by the vanishing
of the squared norm of this Killing vector field. If the
related Killing vector field is not known, we can deter-
mine the local comohogeneity, n, of the spacetime and
compute the squared norm of the wedge products of n
linearly independent gradients of scalar polynomial cur-
vature invariants (SPIs), which will vanish on the sta-
tionary horizon [7, 8].
2For non-stationary spacetimes, there is no general pro-
cedure to generate invariants that detect the event hori-
zon. However, as the location of the event horizon is
a conformal invariant, the horizon can be found for any
black hole metric that is conformal to a stationary metric,
assuming the conformal factor is known [8]. If the con-
formal factor is not known, this approach will no longer
locate the event horizon of the conformally related black
hole.
It is reasonable to assume that a SPI will be able to
detect the event horizon of a black hole metric that is
conformal to a stationary metric. Such a SPI must not
only vanish on the horizon of the stationary metric, but
also remain zero on the horizon under a conformal trans-
formation of the metric. To be precise, we would like an
invariant that vanishes on a stationary horizon and un-
der a conformal transformation the invariant transforms
as a power of the conformal factor with no terms involv-
ing derivatives of the conformal factor (which could be
nonzero on the event horizon).
To construct a conformally covariant invariant that
will detect the horizon, we introduce three approaches to
generate conformally covariant invariants and construct
invariants that are unaffected by conformal transforma-
tions in 4D. As an application we show that the conformal
Killing horizon1 of a dynamical black hole conformally
related to the 4D Kerr-NUT-(Anti)-de Sitter solution is
detected by the vanishing of a conformally covariant in-
variant and that the conformal stationary limit surface
[9] is detected by a conformally covariant invariant as
well.
Assuming conformally covariant invariants can be con-
structed in any dimension, we establish necessary condi-
tions to determine if a dynamical black hole is confor-
mally related to a stationary black hole. We apply these
conditions to the ingoing Kerr-Vaidya and Vaidya black
holes to show when the choice of a particular mass func-
tion allows for a conformal transformation to a stationary
black hole. Unlike the 4D case, in higher dimensions the
existence of conformally covariant SPIs is no longer guar-
anteed. In the class of spacetimes admitting two confor-
mally covariant SPIs, we show it is possible to produce
additional conformally covariant invariants and construct
a conformally covariant invariant that detects the hori-
zon of any dynamical black hole conformally related to
the D-dimensional Kerr-NUT-Anti-de Sitter metric.
I. CONSTRUCTION OF CONFORMALLY
COVARIANT INVARIANTS
The invariants which are known to detect the station-
ary horizon [7, 8] will pick up derivative terms when a
1 This surface corresponds to the event horizon when the conformal
factor goes to a constant at null infinity.
generic conformal transformation is applied to the met-
ric, implying that they may not remain zero on the event
horizon of a black hole spacetime that is conformal to a
stationary metric. In this paper we consider the prob-
lem of constructing a SPI that vanishes on the horizon of
any black hole metric that is conformal to a 4D station-
ary spacetime, with the conformal factor being a smooth
function over the spacetime which does not vanish at the
event horizon.
As this construction will rely on the approach given
in [8], we require at most three functionally independent
conformally covariant SPIs. To produce these invariants
we will use the following SPIs obtained from the Weyl
tensor and its first covariant derivative:
I1 ≡ Cabcd Cabcd, (3)
I2 ≡ C∗abcd Cabcd, (4)
I3 ≡ Cabcd;e Cabcd;e, (5)
I3a ≡ Cabcd;e Cebcd;a, (6)
I4 ≡ C∗abcd;e Cabcd;e, (7)
I4a ≡ C∗abcd;e Cebcd;a, (8)
I5 ≡ I1;eI ;e1 , (9)
I6 ≡ I2;eI ;e2 . (10)
where Cabcd is the Weyl tensor and C
∗
abcd is its Hodge
dual. Applying a conformal transformation of the metric,
the transformation rules for I3, I3a, I4, I4a, I5 and I6 pick
up first derivatives of the conformal factor.
The terms involving the derivatives of the conformal
factor can be nonzero on the event horizon of a generic
metric conformal to a stationary black hole metric. How-
ever, by combining the invariants (3)-(10) an invariant
can be constructed that transforms by being multiplied
by a negative power of the conformal factor under a con-
formal transformation of the metric [10]:
J4 ≡ 6I1I3 − 16I1I3a + I5. (11)
While J4 was originally intended for spacetimes confor-
mal to static spherically symmetric metrics, as long as
the conformal factor does not vanish on the event hori-
zon, J4 is zero on the event horizon for any smooth 4D
metric conformal to a stationary black hole of cohomo-
geneity n = 1.
To see this, consider a generic nonvacuum metric gab
which is not conformal to a static spherically symmetric
metric or a Ricci flat metric and a conformally trans-
formed metric gˆab = e
2Ugab, then the invariant Jˆ4 for the
metric gˆab is related to the invariant J4 for the metric gab
by
Jˆ4 = e
−10U (J4 +A
aU;a) , (12)
where
Aa = −4I1,a − 16W eae + 16W ea e + 64W¯ eea , (13)
and
W abc = Cbdef ;cC
adef , (14)
W¯ abc = Cbdce;fC
fdae. (15)
3Using the Newman-Penrose (NP) formalism [1] to express
the Weyl tensor and the covariant derivative of the Weyl
tensor in terms of the NP curvature scalars Ψi, i ∈ [0, 4],
their frame derivatives and the spin coefficients, it can be
shown that Aa will vanish for all 4D spacetimes [10].
The vanishing of Aa in 4D is due to the trace free con-
dition for the Weyl tensor and the algebraic Bianchi iden-
tity. This implies that any conformally covariant tensor
sharing the indicial symmetries of the Weyl tensor will
yield a first order invariant that will be conformally co-
variant. We will call a tensor Weyl-like if it shares the
indicial symmetries of the Weyl tensor. In four dimen-
sions, the Hodge dual of the Weyl tensor is conformally
covariant and Weyl-like, and so we can compute a similar
invariant to J4:
K4 ≡ 6I2I4 − 16I2I4a + I6, (16)
which will transform in a covariant manner under a con-
formal transformation for any 4D spacetime:
Kˆ4 = e
−10UK4. (17)
Assuming I1 6= I2, I2 6= 0, and I1, J4 and K4 are func-
tionally independent, we can construct the following ra-
tional invariants which are conformal invariants, in the
sense that they are invariant under conformal transfor-
mations:
I ′1 ≡
I1
I2
, J ′4 =
J4
I
5
2
2
, K ′4 ≡
K4
I
5
2
2
. (18)
The conformal invariants I ′1, J
′
4 and K
′
4 will be function-
ally independent, and so we can compute the norm of the
wedge product of the exterior derivatives of these invari-
ants to produce an invariant that will detect the horizon
for any black hole conformal to a stationary black hole
[8].
In the case that I2 vanishes or one of the invariants
is functionally dependent on the others, an additional
invariant of higher degree can be constructed by taking
the square of the Weyl tensor,
C2abcd =
1√
I1
C
ef
ab Cefcd, (19)
and then subtracting C2
a[bcd] and the appropriate tensor
products of the trace two-tensor with the metric to pro-
duce a new conformally covariant tensorWabcd satisfying
W abac = 0 and Wa[bcd] = 0. Since Wabcd is conformally
covariant and Weyl-like, we can compute the following
invariants:
W I1 ≡WabcdW abcd, (20)
W I3 ≡Wabcd;eW abcd;e, (21)
W I3a ≡Wabcd;eW ebcd;a, (22)
W I5 ≡ W I1;aW I ;a. (23)
These can be combined to produce an invariant,
WJ4 ≡ 6W I1W I3a − 16W I1W I3 +W I5. (24)
The invariant WJ4 transforms under a conformal trans-
formation in the following manner:
W Jˆ4 = e
−10U [WJ4]. (25)
We note that W Jˆ4 is a SPI of higher degree than J4
and will not, in general, be divisible by J4. Of course,
in 4D this procedure can be applied to any conformally
covariant Weyl-like tensor to generate new conformally
covariant invariants of higher degree. We may also com-
bine any two conformally covariant Weyl-like tensors to
produce SPIs similar to I2, I4, I4a, I6 and K4.
For a black hole spacetime of cohomogeneity n ≤ 3,
the first order invariants may not provide a full set of
functionally independent invariants, and so we must con-
tinue to higher order derivatives to acquire n functionally
independent invariants. In particular, for type D space-
times we may have to compute up to the fifth covariant
derivative of the Weyl tensor to acquire n functionally
independent invariants [1, 11, 12]. Taking the square of
the norm of the gradient of any curvature invariant which
is unchanged by a conformal transformation produces a
new conformally covariant invariant.
For example, given two conformal invariants Iˆ = I
and Jˆ = J of order p and p′ respectively, then we may
produce the following conformally covariant invariants of
higher order:
|∇I|2 ≡ I;aI ;a,
|∇J |2 ≡ J;aJ ;a, (26)
∇I.∇J ≡ I;aJ ;a.
Dividing by appropriate powers of
√
I1 yields conformal
invariants of higher order. The differential Bianchi identi-
ties and the Ricci identities ensure that new functionally
independent invariants are introduced by expressing the
gradients of the invariants in terms of frame derivatives.
II. ROTATING BLACK HOLES
CONFORMALLY RELATED TO THE
KERR-NUT-(ANTI)-DE SITTER SPACETIME IN
FOUR DIMENSIONS
We will employ the NP formalism to work with three
conformally covariant SPIs in order to construct a simple
conformally covariant SPI that will detect the conformal
Killing horizon. For a black hole conformally related to
a stationary spacetime, this surface is defined as a null
surface for which a conformal Killing vector field, corre-
sponding to a Killing vector field in the stationary black
hole spacetime, has vanishing norm and does not identi-
cally vanish. If the conformal factor goes to a constant
at null infinity, the conformal Killing horizon will corre-
spond to the event horizon of the black hole [9].
4The horizon Killing vector field, K, in the original
stationary black hole spacetime either coincides with
the stationary Killing vector field, or the spacetime ad-
mits at least one axial Killing vector field M for which
[K,M] = 0. This second case implies that the black
hole is asymptotically flat, rotating and that the hori-
zon Killing vector field, K˜ is a linear combination of the
Killing vector fields K and M. For stationary rotating
black holes there is an additional non null surface on
which the norm of a nonvanishing Killing vector field,
K, is zero, called the stationary limit surface. Under
a conformal transformation this surface is mapped to a
conformal stationary limit surface which is defined as a
surface on which a nonvanishing conformal Killing vector
field Kˆ has vanishing norm.
As the horizon detecting invariant relies on the exis-
tence of a Killing horizon [8], it cannot be guaranteed to
detect the stationary limit surface (also known as a ergo-
surface) of the original Kerr-NUT-(Anti)-de Sitter solu-
tion since it is not a Killing horizon. While the invariant
Q1 will detect the stationary limit surface [7] for the Kerr-
NUT-(Anti)-de Sitter solution [13], we note that this in-
variant will not transform covariantly under a conformal
transformation and hence will not detect the conformal
stationary limit surface [9]. We introduce a new invari-
ant, Jergo that transforms covariantly under a conformal
transformation and vanishes on the conformal stationary
limit of any rotating black hole conformally related to
the Kerr-NUT-(Anti)-de Sitter solution.
We consider a conformal transformation applied to
the 4D Kerr-NUT-(Anti)-de Sitter metric defined in [13],
with arbitrary conformal factor U(t, r, θ, φ):
dsˆ2 = e2U
(
− Q
R2
[
dt−
(
a sin2 θ + 4l sin2
θ
2
)
dφ
]2
+
P
R2
[
adt− (r2 + (a+ l)2) dφ]2 (27)
+
R2
Q
dr2 +
R2
P
sin2 θdθ2
)
,
where R ≡ R(r, θ), P ≡ P (θ) and Q ≡ Q(r) are func-
tions of cos θ and r, containing the parameters m, a, l,
and Λ which are, respectively, mass, a rotation param-
eter, a NUT parameter in a de Sitter or anti-de Sitter
background, and the cosmological constant:
R2 = r2 + (l + a cos θ)2, (28)
P = sin2 θ(1 + (3l + a cos θ)(l + a cos θ)Λ/3), (29)
Q = (a2 − l2)− 2mr + r2 − Λ[(3l2 + a2)r2 + r4]/3. (30)
The location of the event horizons are given by the roots
of Q(r).
Following [13], we define the vectors
t0 =
√
Q
R
[
dt−
(
a sin2 θ + 4l sin2
θ
2
)
dφ
]
, t1 =
R√
Q
dr,
t2 =
√
P
R
[
adt− (r2 + (a+ l)2) dφ] , t3 = R√
P
sin θdθ,
(31)
and the null frame we will work in is then
ℓˆ = eUℓ =
eU (t0 − t1)√
2
, nˆ = eUn =
eU (t0 + t1)√
2
,
mˆ = eUm =
eU (t2 − it3)√
2
, ¯ˆm = eUm¯ =
eU (t2 + it3)√
2
.
(32)
We assume that the Lorentz frame transformations have
been entirely fixed in order to express the SPIs J4 andK4
in a concise form with respect to the Cartan invariants.
Since the metric is of Petrov type D we can use Ψ22
and its complex conjugate to construct the zeroth order
conformally covariant SPIs [7, 13]:
Iˆ1 + iIˆ2 = 48Ψˆ
2
2 = 48e
−4UΨ22, (33)
where
Ψ2 = −(m+ iL)
(
1
r+i(l+a cos θ)
)3
,
and the constant, L, is defined as
L = l
(
1 + 13 (a
2 − l2)Λ) .
Therefore, the simplest zeroth order real valued confor-
mal invariant is
I ′1 = −2i[ln Ψˆ2 − ln ¯ˆΨ2].
At first order, denoting the SPIs
Jˆ+ =
3 · 27
5
Jˆ4, Jˆ− =
Kˆ4
3 · 26 ,
and defining the vector,
vˆa = −πˆmˆa + τˆ ¯ˆma − ρˆnˆa + µˆℓˆa,
the conformally covariant SPIs J± may be expressed in
terms of the gradient of Ψˆ2 and vˆ:
J± = −6R[± ¯ˆΨ22Ψˆ22|vˆ|2 + Ψˆ42|vˆ|2]∓ 2 ¯ˆΨ2Ψˆ2∇ˆΨˆ2.∇ˆ ¯ˆΨ2
+R[±Ψˆ22∇ˆ ¯ˆΨ2.∇ˆ ¯ˆΨ2 − 3Ψ22∇ˆ ¯ˆΨ2.∇ˆΨˆ2]
+6R[±Ψˆ32vˆ.∇ˆΨˆ2 + Ψˆ2 ¯ˆΨ22vˆ.∇ˆΨˆ2].
Since the SPIs J± transform covariantly under a confor-
mal transformation, we can express the invariants rela-
tive to the original coframe for the Kerr-NUT-(Anti)-de
Sitter metric, where the spin coefficients satisfy π = τ
and µ = ρ, implying that the coframe is an invariant
coframe in the context of the Cartan-Karlhede algorithm.
Applying the Bianchi identities, the SPIs may be ex-
pressed as
e10U Jˆ± = J± = −[Ψ¯42(ρ¯2 − τ¯ 2) + Ψ42(ρ2 − τ 2)
∓5Ψ¯22Ψ22(ρ¯2 − τ¯ 2 + ρ2 − τ 2) (34)
±12Ψ¯22Ψ22(ρ¯ρ+ τ¯ τ )],
5where ρ and τ are:
ρ =
1√
2
√
Q[r − i(a cos θ + l)]
R3
,
τ =
1√
2
a
√
P [r − i(a cos θ + l)]
R3
.
(35)
While we have chosen to work with a coframe for which
the spin-coefficients and Weyl tensor take a particular
form, due to the SPIs’ insensitivity to Lorentz frame
transformations, the results presented in this section will
be valid relative to any coframe.
Since the Kerr-NUT-(Anti)-de Sitter solution has co-
homogeneity n = 2 [13], we may take the conformal in-
variants:
I ′1 and J
′
4 = J4(Ψ2Ψ¯2)
−
5
2 ,
to produce the invariant 2
||W ||2 ≡ 1
2!
δa1a2b1b2g
b1c1gb2c2I ′1;a1J
′
4;a2 = e
−2U |ρ|F,
where F is a rational function in terms of Ψ2, its complex
conjugate, the spin coefficients and their frame deriva-
tives. The conformally covariant invariant ||W ||2 detects
the event horizons of the Kerr-NUT-(Anti)-de Sitter solu-
tion [8] and transforms by being multiplied by a negative
power of the conformal factor.
Taking the sum of the two first order SPIs produces a
smaller invariant
Jergo = J+ + J− = −4R[Ψ42(ρ2 − τ2)]. (36)
It was noted in [13] that the Cartan invariant ρ2−τ2 van-
ishes on the stationary limit surface. Since the image of
the nonvanishing Killing vector field which becomes null
on the stationary limit surface is mapped to a nonvan-
ishing conformal Killing vector field which will be null on
the image of this surface, we conclude that the SPI, Jergo,
will vanish on the conformal stationary limit surface.
III. NECESSARY CONDITIONS FOR A
DYNAMICAL BLACK HOLE TO BE
CONFORMALLY RELATED TO A STATIONARY
BLACK HOLE
While we have considered conformal transformations of
stationary black holes to generate dynamical black holes,
the problem of determining whether a dynamical black
2 The permutation tensor δα1,...,αn
β1,...,βn
is +1 or −1 if α1, ..., αn is an
even or odd permutation of β1, ..., βn, respectively, and is zero
otherwise.
hole is conformally related to a stationary black hole may
be hidden by the choice of coordinates. Using the con-
formal invariants we can introduce a test to determine if
a spacetime is conformally related to a spacetime admit-
ting larger maximal dimensional orbits of the isometry
group of the local metric and in the case of dynamical
black holes introduce a necessary condition for the sub-
case of dynamical black holes conformally related to a
stationary black hole.
To determine if a spacetime is conformally related to
another spacetime which admits larger maximal dimen-
sional orbits of the isometry group of the local metric,
we will exploit the cohomogeneity, which was shown to
be equivalent to the number of functionally independent
Cartan invariants produced at the final iteration, q, of
the Cartan-Karlhede algorithm [13]. Setting p = q − 1,
we have the following statement involving the number of
functionally independent Cartan invariants of the space-
time, tp, and the number of functionally independent con-
formal invariants, tˆp.
Proposition III.1 Given a D-dimensional spacetime,
(M,g), if tˆp < tp then it is conformal to a spacetime
admitting larger maximal dimensional orbits of the isom-
etry group of the local metric.
Noting that the cohomogeneity of a spacetime is given
by the formula
n = D − r + dim(Hp) = tp
where dim(Hp) is the dimension of the isotropy group
of the spacetime and r is the dimension of the isometry
group. If tˆp < tp then the spacetime is conformally re-
lated to a spacetime, (M ′,g′), with t′p = tˆp functionally
independent Cartan invariants. This implies that the di-
mension of the maximal orbits of the isometry group of
the new spacetime, r′−dim(H ′p), must be larger than the
dimension of the maximal orbit of the isometry group of
the original spacetime, r − dim(Hp).
In the case of dynamical black holes with tˆp < tp, if
the conformally related solution admits a nonvanishing
Killing vector field which is stationary and becomes null
on some null surface (i.e., contains a Killing horizon) then
the norm of the wedge product of the exterior derivatives
of the conformal invariants will vanish on a surface.
Proposition III.2 If a dynamical black hole is confor-
mally related to a stationary black hole, then tˆp < tp and
the norm of the wedge product of the exterior derivatives
of the conformal invariants will vanish on a surface.
This condition is not sufficient as the SPIs formed by the
norm of the wedge products of the exterior derivatives of
the conformal invariants may vanish on surfaces that do
not correspond to a Killing horizon.
6A. The Ingoing Kerr-Vaidya Black Hole
We examine the Kerr-Vaidya solution [14–16]:
ds2 = −
(
1− 2m(v)r
R2
)
dv2 + 2dvdr +R2dθ2
−4am(v)r sin
2 θ
R2
dφdv − 2a sin2 θdφdr (37)
+
(r2 + a2)2 − a2∆sin2 θ
R2
sin2 θdφ2,
where R2 = r2 + a2 cos2 θ and ∆ = r2 + a2 − 2m(v)r.
In general, the cohomogeneity of this solution is n = 3.
By constructing three functionally independent confor-
mal invariants we can determine if this metric is con-
formally related to a stationary black hole for particular
choices of the mass function.
While the Kerr-Vaidya solution is not of type D, it is
still of type II and so the SPIs I1 and I2 satisfy
I1 + I2 = 48Ψ
2
2
for any frame basis in which the Weyl tensor is of type
II form3 . Therefore we can construct three functionally
independent conformal invariants:
I ′1 = −2i[lnΨ2 − ln Ψ¯2], (∇I1)′ = ∇I
′
1
I
1
2
1
, J ′ = J4
I
5
2
1
.(38)
Due to the large size of the coordinate expressions of the
conformal invariants we will not include them here.
Computing the wedge product of the exterior deriva-
tives of the three invariants yields
|dI ′1 ∧ d(∇I1)′ ∧ d(∇J)′|2 = a3mF0
where F0 is a polynomial in terms of r, cos θ, m, m,v,
m,vv and m,vvv. Rewriting this as a polynomial in r,
setting the coefficients to zero and solving the result-
ing differential equation for m(v) leads to the solution
m(v) ≡ constant or the requirement that a = 0. There-
fore the generic Kerr-Vaidya black hole with a 6= 0 and
m,v 6= 0 is never conformally related to a black hole
of lower cohomogeneity. It is possible that the subcase
a = 0 corresponding to the ingoing Vaidya black hole will
admit solutions that are conformally related to a station-
ary black hole.
B. The Ingoing Vaidya Black Hole
We now consider the ingoing Vaidya solution:
3 In particular we employ a similar frame to the null frame used
in the Appendix of [15]
ds2 = −
(
1− 2m(v)
r
)
dv2 + 2dvdr (39)
+r2(dθ2 + sin2 θdφ2),
where the mass function m(v) is a function of the ingo-
ing null coordinate v. In general, this metric has two
functionally independent conformal invariants:
J ′ =
J4
I
5
2
1
=
2m,vr
2
m2
+ 2− r
m
, (40)
(∇J)′ = |∇J
′|2
I
1
2
1
=
2r2(4m,vr −m)
m6
(
(8m2,v − 4mm,vv)r3
−6m,vmr2 + (8m,vm2 +m2)r − 2m3
)
. (41)
Assuming m,v 6= 0 these invariants are functionally in-
dependent as the wedge product of their exterior deriva-
tives is nonzero,
|dJ ′ ∧ d(∇J)′|2 = m,vvF1(r,m,m,v) +m,vvvF2(r,m,m,v),
where F1 and F2 are polynomials. In order for the con-
formal invariants to be functionally dependent, we must
impose m,vv = 0, and so the mass function is now linear,
m(v) = M0 + µ(v − v0).
The ingoing Vaidya black hole solution has two func-
tionally independent Cartan invariants at zeroth and first
order. Since there is at most one functionally indepen-
dent conformal invariant, we conclude the ingoing Vaidya
metric is conformal to a spacetime admitting an addi-
tional Killing vector field. To determine when this Killing
vector field is potentially null we examine when J ′ van-
ishes. The conformal invariant J ′ vanishes on the sur-
faces:
r =
m(1±√1− 16m,v)
4m,v
=
m(1±√1− 16µ)
4µ
. (42)
Therefore, this can only occur when µ ≤ 2−4. This re-
sult agrees with [17], where it was shown that the lin-
ear ingoing Vaidya black hole is conformally related to a
spherically symmetric static black hole when µ ≤ 2−4.
IV. HIGHER DIMENSIONS
In higher dimensions the invariants I1, I3, I3a and I5
transform in the following manner:
I˜1 = e
−4UI1, (43)
7I˜3 = e
−6U [I3 − (2I1,a + 8W eae − 8W ea e)U ,a + 8U,aU ,aI1
+(4D − 8)U ,aU,eCabcdCebcd], (44)
I˜3a = e
−6U [I3a − (2W eae + I1,a − 2W ea e + 4W¯ eea)U ,a
+4U,aU
,aI1 + (D − 1)U ,aU,eCabcdCebcd], (45)
I˜5 = e
−10U [I3 − 8I1,aU ,a + 16U,aU ,aI1], (46)
where W abc and W¯
a
bc are defined in equations (14) and (15).
With some modification to the coefficients of I1I3, I1I3a, and
I5 we can produce a higher dimensional analogue to J4:
JD ≡ 2(D − 1)I1I3 − 8(D − 2)I1I3a + (D − 3)I5, (47)
which will vanish on the event horizon of any black hole that is
conformal to the D dimensional static spherically symmetric
metric [10].
For the conformally transformed metric gˆab = e
2Ugab of a
generic nonvacuum metric gab, which is not conformal to a
static spherically symmetric metric or a Ricci flat metric, the
invariant JˆD of the metric gˆab is related to the invariant JD
for the metric gab by
JˆD = e
−10U (JD + A
aU;a) , (48)
where
Aa = −4(D − 3)I1,a − 16(W eae −W ea e)
+ 32(D − 2)W¯ eea.
(49)
Due to the structure of the Weyl tensor in higher dimensions
[22] the vector Aa will not vanish for all higher dimensional
spacetimes. For example, the vector Aa will be nonzero for a
generic five dimensional (5D) nonvacuum spacetime of Weyl
type D. In [10] it was shown that Aa will vanish for other
stationary spacetimes, such as the Kerr-NUT-Anti-de Sitter
black hole solution [18], the rotating black ring solution [19]
and the supersymmetric black ring solution [20].
The Kerr-NUT-Anti-de Sitter spacetime is of type D, and
both of the black ring spacetimes are of algebraic type Ii ac-
cording to the alignment classification [21–23]. For any vac-
uum spacetime, the vanishing of Aa is guaranteed by the dif-
ferential Bianchi identities [10], and so Aa will vanish for the
Kerr-NUT-Anti-de Sitter and the rotating black ring space-
times. The vanishing of Aa for the supersymmetric black ring
metric is notable since it is not Ricci flat. This suggests that
the vanishing of Aa is dependent on the form of the Weyl
tensor in higher dimensions, and that the differential Bianchi
identities for the vacuum spacetimes may give insight into the
class of nonvacuum spacetimes for which JD is conformally
covariant.
Unfortunately, these spacetimes have cohomogeneity n ≥ 1
[24, 25] and the invariant JD will no longer detect the hori-
zon. While we would like to construct additional conformally
covariant invariants, there are two complications arising from
the difference in dimension. First, the Hodge dual no longer
maps bivectors to bivectors, and so the Hodge dual of the
Weyl tensor is no longer a rank four tensor. Secondly, the
structure of the Weyl tensor in higher dimensions no longer
ensures that a Weyl-like tensor will yield a conformally co-
variant first order invariant, therefore for spacetimes where
JD is conformally covariant, a Weyl-like tensor may be pro-
duced from the square of the Weyl tensor that does not yield
a conformally covariant invariant.
However, for any spacetime where JD is conformally covari-
ant, it is possible to generate higher order invariants by com-
bining I1 and JD to produce the conformal invariant, J
′
D, and
calculating the norm of its gradient. The differential Bianchi
identities and the Ricci identities ensure that the norm of the
gradient of J ′D will be functionally independent from JD. Re-
peating this process we can produce n functionally indepen-
dent invariants. For example, the cohomogeneity of the 5D
Kerr-NUT-Anti-de Sitter metric is n = ⌊5/2⌋ = 2. Therefore,
the conformal invariants,
J ′D ≡ JD
I
5
2
1
, K′D ≡ |(∇JD)
′|√
I1
,
can be used to compute the norm of the wedge product of
their exterior derivatives:
||W˜ ||2 ≡ 1
2!
δa1a2b1b2g
b1c1gb2c2J ′D;a1K
′
D;a2
.
The invariant ||W˜ ||2 will be nonzero, except on the horizon
where it will vanish and it transforms in a covariant manner
under a conformal transformation, implying that this invari-
ant will detect the event horizon of any dynamical black hole
conformally related to the 5D Kerr-NUT-Anti-de Sitter black
hole.
V. CONCLUSIONS
Motivated by the existence of dynamical black holes
conformally related to the Schwarzschild metric [2, 26,
27], we have considered dynamical black holes confor-
mally related to stationary black hole solutions of higher
cohomogeneity. In particular, we have examined a gen-
eralization of the rotating cosmological black holes de-
scribed by the Thakurta metric [3] by applying a con-
formal transformation to the Kerr-NUT-(Anti)-de Sitter
solution. A dynamical black hole generated in this man-
ner has the unusual property that the event horizon could
be identified by locating the Killing horizon of the origi-
nal stationary black hole, assuming the conformal factor
was known.
This implies that the event horizon of the dynamical
conformal black hole must be a quasi-local surface. Using
the fact that the SPI JD transforms covariantly under a
conformal transformation for a larger class of spacetimes
than originally intended [10], we have introduced a proce-
dure to generate additional conformally covariant invari-
ants for these spacetimes. This allows for an invariant
that can detect the event horizon in a similar manner
to stationary black holes [8], without knowledge of the
conformal factor.
In 4D, the trace free condition and algebraic Bianchi
identity ensure that any conformally covariant Weyl-like
tensor will yield a conformally covariant first order invari-
ant similar to J4. This dimensionally dependent property
allows for new functionally independent conformally co-
variant invariants of higher degree and order to be gener-
ated. With a functionally independent set of conformally
covariant invariants we can construct a conformally co-
variant invariant that detects the horizon of any black
8hole conformally related to a stationary black hole of co-
homogeneity n ≤ 3 [8]. In addition for the dynamical
black holes conformally related to the Kerr-NUT-(Anti)-
de Sitter solutions, we have shown that the image of the
stationary limit surface, the conformal stationary limit
surface, can be detected by a conformally covariant SPI.
We have also presented necessary conditions to deter-
mine if a D-dimensional dynamical black hole is not con-
formally related to a stationary black hole. The first con-
dition relies on the difference between the number of func-
tionally independent Cartan invariants and conformal in-
variants for a given spacetime to determine necessary and
sufficient conditions for a spacetime to be conformally re-
lated to a spacetime of lower cohomogeneity. The second
condition relies on the vanishing of the norm of the exte-
rior derivatives of the conformal invariants which is a nec-
essary condition for a stationary horizon. While we have
demonstrated the necessary conditions for the 4D ingo-
ing Kerr-Vaidya and Vaidya black hole solutions, these
conditions are applicable in higher dimensions, assuming
conformal invariants can be constructed.
In higher dimensions, it is no longer possible to en-
sure JD or any invariant constructed in a similar manner
will be conformally covariant. However, if a given space-
time has at least two conformally covariant invariants
(for example, all nontrivial vacuum spacetimes), then it
is still possible to construct new invariants of higher order
that are functionally independent and can be combined
to form a conformally covariant invariant that detects the
stationary horizon. While we have only discussed this
construction for the 5D Kerr-NUT-Anti-de Sitter solu-
tion, we have verified that this approach is applicable to
the 5D rotating black ring and the supersymmetric black
ring solutions.
Due to the structure of the Weyl tensor in higher di-
mensions, it is of interest to determine if there are other
conformally covariant invariants of order p ≥ 1 besides
JD and its derived invariants. In the case of stationary
black holes, the Cartan invariants have been shown to
detect the event horizon [13, 25], thereby providing an
alternative set of invariants which are easier to compute
than the related SPIs. We believe that by exploring the
relationship between JD and the Cartan invariants, addi-
tional conformally covariant invariants may be produced
and this will give insight into the equivalence of space-
times under the conformal group [28–30].
As a final point, the dynamical black holes confor-
mally related to stationary black holes present an oppor-
tunity to investigate the geometric horizon conjectures
[31]; since the event horizon is detected by a SPI, we
would like to determine if the Weyl tensor becomes more
algebraically special on this surface [22]. This property
can be determined in an invariant manner using the dis-
crimiant SPIs as necessary conditions [23] or by applying
the Cartan-Karlhede algorithm to identify the appropri-
ate coframe [1, 24].
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